Geometry NOTES – Surface Area of Prisms, Cylinders, Pyramids, Cones, and Spheres
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Finding Lateral Areas and Surface Areas of Right Cylinders

Find the lateral area and surface area of each right cylinder. Give your
answers in terms of 7.

"ol ol e

L=2nrh=27(1)(5) = 10mm?  The radius is half the diameter, or 1 m.
S=L+2m? =107+ 2m(1)* = 127 m?

. a cylinder with a circumference of 10 cm and a height equal
to 3 times the radius

Step 1 Use the circumference to find the radius.

C=2nr Circumference of a circle
107 = 27r Substitute 10 for C.
r=>5 Divide both sides by 2.

Step 2 Use the radius to find the lateral area and surface area.
The height is 3 times the radius, or 15 cm.

L=2mrh=27(5)(15) = 1507 cm? Lateral area
S=2mrh + 27r? = 1507 + 27(5)* = 2007 cm?® Surface area

m 2. Find the lateral area and surface area of a cylinder with a base
area of 497 and a height that is 2 times the radius.
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EXAMPLE

Always round at
the last step of the
problem. Use the
value of 7 given by
the 7 key on your
calculator.

Finding Surface Areas of Composite 4ft
Three-Dimensional Figures
Find the surface area of the composite figure. 20 ft
Round to the nearest tenth.
The surface area of the right rectangular prism is
S=Ph+2B
= 80(20) + 2(24)(16) = 2368 ft.
A right cylinder is removed from the rectangular prism.
The lateral area is L = 27rrh = 27(4)(20) = 160 ft2
The area of each base is B = 712 = m(4)? = 167 ft2.

16 ft
24 ft

The surface area of the composite figure is the sum of the areas of
all surfaces on the exterior of the figure.
S= (prism surface area) + (cylinder lateral area) - (cylinder base area)
= 2368 + 1607 —2(167)
= 2368 + 1287 ~ 2770.1 ft*

2
m 3. Find the surface area of the 5 an
composite figure. Round to 3cm

the nearest tenth. u
5cm

4cm

IE3
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Exploring Effects of Changing Dimensions

The length, width, and height of the Sin.
right rectangular prism are doubled.
Describe the effect on the surface area. Sin.
6in.
original dimensions: length, width, and height doubled:
S=Ph+2B S=Ph+2B
=16(3) +2(6)(2) =32(6) +2(12)(4)
=72in® =288 in”

Notice that 288 = 4(72). If the length, width, and height are doubled,
the surface area is multiplied by 22, or 4.

4. The height and diameter of the cylinder S
are multiplied by % Describe the effect (- =
on the surface area.

Chemistry Application

If two pieces of ice have the same volume,
the one with the greater surface area will
melt faster because more of it is exposed

Ho
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Ice sculptures are carved
from blocks of ice

that weigh hundreds

of pounds. A typical

ice sculpture can last
6-8 hours at room
temperature (70°F).

s start

Chemistry Application

If two pieces of ice have the same volume, ,-"(

the one with the greater surface area will

melt faster because more of it is exposed

to the air. One piece of ice shown is a € T
rectangular prism, and the other is half ~——8m —

a cylinder. Given that the volumes are

approximately equal, which will melt faster?

rectangular prism:
S = Ph+ 2B =12(3) + 2(8) = 52 cm?
half cylinder: ~,

S=7rh + m? + 2rh = w(4)(1) + m(4)* + 8(1)
=207 + 8 = 70.8 cm?

The half cylinder of ice will melt faster.

Use the information above to answer the following.

5. A piece of ice shaped like a 5 cm by 5 cm by 1 cm rectangular
prism has approximately the same volume as the pieces above.
Compare the surface areas. Which will melt faster?
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& TEKS G.8.D Congruence and the geometry of size: find surface areas and
volumes of prisms, pyramids, spheres, cones, cylinders, and composites ...

Objectives Why learn this? Speaker
Learn and apply the A speaker uses part of the lateral cone

formula for the surface surface of a cone to produce
area of a pyramid. sound. Speaker cones are usually Suspension
Learn and apply the made of paper, plastic, or metal.

formula for the surface (See Example 5.) Basket
area of a cone.

Voice
coil

The vertex of a pyramid is the point opposite the base of the pyramid. The base

vertex of a pyramid of a regular pyramid is a regular polygon, and the lateral faces are congruent

regular pyramid isosceles triangles. The slant height of a regular pyramid is the distance from

slant height of a regular the vertex to the midpoint of an edge of the base. The altitude of a pyramid is
pyramid the perpendicular segment from the vertex to the plane of the base.

altitude of a pyramid

vertex of a cone

axis of a cone ) Lateral faces

right cone Altitude

Vocabulary

Vertices

oblique cone
slant height of a right ‘ Bases
cone ‘ .

altitude of a cone Regular pyramid Nonregular pyramid

The lateral faces of a regular
Also G5.A, G.5.B, pyramid can be arranged to
668,610 cover half of a rectangle with a
height equal to the slant height
of the pyramid. The width of the
o e o the base
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] The lateral faces of a regular
& Also G5.A G5B, pyramid can be arranged to
G6B,G11.D cover half of a rectangle with a

height equal to the slant height
of the pyramid. The width of the
rectangle is equal to the base
perimeter of the pyramid.

Lateral and Surface Area of a Regular Pyramid

Know/[i$)

The lateral area of a regular pyramid with perimeter P
and slant height ¢is L = %PZ.

The surface area of a regular pyramid with lateral area L y
and base areaBisS=L + B, OTS:%PZ"’ B.

EXAMPLE Finding Lateral Area and Surface Area of Pyramids
Find the lateral area and surface area of each pyramid.

. a regular square pyramid with base edge length 5 in.

and slant height 9 in.

L= %Pl Lateral area of a reqular pyramid
- é(zo)(g) — 90 in? P=4(5)=20in.

S= LPZ +B Surface area of a reqular pyramid

s start

>
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rectan‘gle is equal to the base
perimeter of the pyramid.

Lateral and Surface Area of a Regular Pyramid

The lateral area of a regular pyramid with perimeter P
and slant height ¢is L = %PZ.

The surface area of a regular pyramid with lateral area L
and base areaBisS=L + B, OTSZ%PZ"’ B.

EXAMPLE Finding Lateral Area and Surface Area of Pyramids

Find the lateral area and surface area of each pyramid.

. a regular square pyramid with base edge length 5 in.
and slant height 9 in.

L= %Pl Lateral area of a reqular pyramid

= é(zo)(g) —90in? P=4(5)=20in.

S= %PZ +B Surface area of a reqular pyramid

— 52 _ in2
=90+ 25=115in? B=5t=250n

10-5 Surface Area of Pyramids and Cones
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Find the lateral area and surface area of each regular pyramid.
Round to the nearest tenth.

. m
,»

Step 1 Find the base perimeter and apothem.
The base perimeter is 6(4) = 24 m.
The apothem is 2v/3 m, so the base area

is %aP = %(2\/3)(24) =24/3 m2
Step 2 Find the lateral area.

L= %PZ Lateral area of a regular pyramid

_ %(24)(7) —84m? Substitute 24 for P and 7 for €.

Step 3 Find the surface area.
S= %Pl +B Surface area of a regular pyramid
=84 +24V3 ~ 1256cm?  Substitute 24V/3 for B.

m 1. Find the lateral area and surface area of a regular triangular
pyramid with base edge length 6 ft and slant height 10 ft.

The vertex of a cone is the point opposite the base. The axis of a cone v
]
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AMANDA - O,

The vertex of a cone is the point opposite the base. The axis of a cone

is the segment with endpoints at the vertex and the center of the base.

The axis of a right cone is perpendicular to the base. The axis of an oblique
cone is not perpendicular to the base.

Vertices

Lateral surfaces

Right cone Oblique cone

The slant height of a right cone is the distance from the vertex of a right cone
to a point on the edge of the base. The altitude of a cone is a perpendicular
segment from the vertex of the cone to the plane of the base.

Lateral and Surface Area of a Right Cone

The lateral area of a right cone
with radius r and slant height ¢
is L = 7ire.

The surface area of a right cone
with lateral area L and base area B
i — 2

(+ 7
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Axis
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Right cone Oblique cone

The slant height of a right cone is the distance from the vertex of a right cone
to a point on the edge of the base. The altitude of a cone is a perpendicular
segment from the vertex of the cone to the plane of the base.

Lateral and Surface Area of a Right Cone

The lateral area of a right cone
with radius r and slant height ¢
is L = 7ire.

The surface area of a right cone
with lateral area L and base area B
isS=L+B,orS=nrl+

690  Chapter 10 Spatial Reasoning

AMANDA - O,
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Finding Lateral Area and Surface Area of Right Cones

Find the lateral area and surface area of each cone. Give your answers in
terms of 7.

. aright cone with radius 2 m and slant height 3 m

L=mnrt Lateral area of a cone
=m(2)(3) = 67rm? Substitute 2 for r and 3 for ¢.
S=mrl + mr? Surface area of a cone
=67+ m(2)* = 10mm? Substitute 2 for r and 3 for €.
12 ft € i
5ft

Step 1 Use the Pythagorean Theorem to find £.
£=V52+122 =13 ft

Step 2 Find the lateral area and surface area.

L=mrt Lateral area of a right cone
= m(5)(13) = 657 ft* Substitute 5 for r and 13 for ¢.
S=mrt +mr? Surface area of a right cone

=657+ w(5)° =907 ft?  Substitute 5 for r and 13 for €.

s start
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Exploring Effects of Changing Dimensions

The radius and slant height of the right cone Sem
are tripled. Describe the effect on the
surface area.

original dimensions: radius and slant height tripled:
S=mrt + mr? S=mrl + 7r?
= m(3)(5) + m(3)* = m(9)(15) + m(9)*
=247 cm? = 2167 cm?

Notice that 2167 = 9(24). If the radius and slant height are tripled,
the surface area is multiplied by 32, or 9.

@ 3. The base edge length and slant height 21t
of the regular square pyramid are both

multiplied by % Describe the effect on
the surface area.
15 ft

10-5 Surface Area of Pyramids and Cones
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Finding Surface Area of Composite Three-Dimensional Figures
Find the surface area of the composite figure.
“V 28 cm

The height of the cone is 90 — 45 = 45 cm.
By the Pythagorean Theorem, 90 cm

€= /282 + 45% = 53 cm. The lateral area of ‘
the cone is 1

L =7t = m(28)(53) = 14847 cm?.
The lateral area of the cylinder is L = 27rh = 27(28)(45) = 25207 cm?.
The base area is B = 772 = m(28)* = 7847 cm?.

S = (cone lateral area) + (cy]inder lateral area) + (base area)
= 25207 + 7847 + 14847 = 47887 cm?

m 4. Find the surface area of the composite figure.

Electronics Application

Tim is replacing the paper cone of an antique
speaker. He measured the existing cone and created
the pattern for the lateral surface from a large circle.
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EXAMPLE

Electronics

The paper cones of
antique speakers were
both functional and
decorative. Some had
elaborate patterns or
shapes.

s start

>

2yd
Electronics Application
Tim is replacing the paper cone of an antique
speaker. He measured the existing cone and created

the pattern for the lateral surface from a large circle.
What is the diameter of the cone?

The radius of the large circle used to create
the pattern is the slant height of the cone.

The area of the pattern is the lateral area of the
cone. The area of the pattern is also % of the area of
the large circle, so 7 = %7rr2.

7r(10) = %W(IO)2 Substitute 10 for ¢, the slant height of the
cone and the radius of the large circle.
r=75in. Solve forr.

The diameter of the cone is 2(7.5) = 15 in.

m 5. What if...? If the radius of the large circle were 12 in., U
what would be the radius of the cone?

THINK AND DISCUSS 0
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£ TEKS G.8.D Congruence and the geometry of si

find surface areas and

volumes of prisms, pyramids, spheres, cones, cylinders, and composites ....

Objectives

Learn and apply the
formula for the volume
of a sphere.

Learn and apply the
formula for the surface
area of a sphere.

Vocabulary
sphere

center of a sphere
radius of a sphere
hemisphere

great circle

i As065A,658,6.110

Who uses this?

Biologists study the eyes of deep-sea predators
such as the giant squid to learn about their
behavior. (See Example 2.)

A sphere is the locus of points in space
that are a fixed distance from a given
point called the center of a sphere .

A radius of a sphere connects the
center of the sphere to any point on

the sphere. A hemisphere is half of
asphere. A great circle divides a
sphere into two hemispheres.

Hemisphere Great circle

Radius

Center

The figure shows a hemisphere and a cylinder with a cone removed from

its interior. The cross sections have the same area at every level, so the
volumes are equal by Cavalieri’s Principle. You will prove that the cross sections
have equal areas in Exercise 39.

V(hemisphere) = V(cylinder) —

V(cone) v
1
e v T
—2

= 37r72(r)

The height of the hemisphere is equal to the radius.
F] 4[1], ]
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Surface Area of a Sphere

The surface area of a sphere with radius r is S = 472 ‘ .
T

EXAMPLE

Finding Surface Area of Spheres
Find each measurement. Give your answers in terms of 7.

. the surface area of a sphere with diameter 10 ft
S=4mr?
S = 4m(5)* = 2007 ft? Substitute 5 for r.

. the volume of a sphere with surface area 1447 m*

S=4nr?
1447 = 47r? Substitute 1447 for S.
6=r Solve forr.
4.3
V==
37
= %71’(6)3 = 2887 m® Substitute 6 forr.

The volume of the sphere is 2887 m®.

. the surface area of a sphere with a great

+J start 11
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& volumes of prisms, pyramids, spheres, cones, cylinders, and COmposites ....

Objectives

Learn and apply the
formula for the surface
area of a prism.

Learn and apply the
formula for the surface
area of a cylinder.

Vocabulary
lateral face
lateral edge
right prism
oblique prism
altitude

surface area
lateral surface
axis of a cylinder
right cylinder
oblique cylinder

Also G5.A, G5B,
G.6.8,G.11.D

Why learn this?

The surface area of ice affects

how fast it will melt. If the surface
exposed to the air is increased, the
ice will melt faster. (See Example 5.)

Prisms and cylinders have 2 congruent parallel bases. e

A lateral face is not a base. The edges of the base are F 4
called base edges. A lateral edge is not an edge of a base.

The lateral faces of a right prism are all rectangles. An oblique prism
has at least one nonrectangular lateral face.

ﬁ __——Baseedges — ‘

Bases <] — Lateral edges — Bases
Lateral faces ‘
Right prism Oblique prism

An altitude of a prism or cylinder is a
perpendicular segment joining the planes of
the bases. The height of a three-dimensional

figure is the length of an altitude. Altitude \

Surface area is the total area of all faces and curved ”
surfaces of a three-dimensional figure. The lateral
area of a prism is the sum of the areas of the lateral faces.
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perpendicular segment joining the planes of
the bases. The height of a three-dimensional

figure is the length of an altitude. Altitude \

Surface area is the total area of all faces and curved ”
surfaces of a three-dimensional figure. The lateral
area of a prism is the sum of the areas of the lateral faces.

The net of a right prism can be
drawn so that the lateral faces
form a rectangle with the same
height as the prism. The base of
the rectangle is equal to the
perimeter of the base of the prism.

a b c

——~P=a+b+c—H

Lateral Area and Surface Area of Right Prisms

The lateral area of a right prism with base
perimeter P and height his L = Ph.

The surface area of a right prism with lateral area
L and base area Bis S =L + 2B, or S = Ph + 2B.

The surface area of a cube with edge length s is
S =652

T RLIE
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surfaces of a three-dimensional figure. The lateral
area of a prism is the sum of the areas of the lateral faces.

The net of a right prism can be
drawn so that the lateral faces
form a rectangle with the same
height as the prism. The base of
the rectangle is equal to the
perimeter of the base of the prism.

a b c

——~P=a+b+c—

Lateral Area and Surface Area of Right Prisms

The lateral area of a right prism with base
perimeter P and height his L = Ph.

The surface area of a right prism with lateral area
L and base area Bis S =L + 2B, or S = Ph + 2B.

The surface area of a cube with edge length s is
S =652

The surface area of a right rectangular prism with length ¢, width w, and height 1
can be written as S = 24w + 2wh + 2¢h.

Y:S\Litp Chapter 10 Spatial Reasoning

B 7 QLR
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The surface area
formula is only true
for right prisms.

To find the surface
area of an oblique
prism, add the areas
of the faces.

>

Finding Lateral Areas and Surface Areas of Prisms

Find the lateral area and surface area of each right prism.
Round to the nearest tenth, if necessary.

. the rectangular prism '

L=Ph 12em
= (28)12 = 336 cm? P=2(8) + 2(6) = 28 cm
S=Ph+2B
6cm
=336+ 2(6)(8) 8cm
=432 cm?

. the regular hexagonal prism

10m
L="Ph 6m
=36(10) = 360 m” P=6(6)=36m
S=Ph+2B
=360 + 2(54\/5) The base area is B = %aP =54/3 m.
~ 547.1 m?

s start
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The lateral surface of a cylinder is the curved surface that connects the two
bases. The axis of a cylinder is the segment with endpoints at the centers of
the bases. The axis of a right cylinder is perpendicular to its bases. The axis
of an oblique cylinder is not perpendicular to its bases. The altitude of a right
cylinder is the same length as the axis.

Lateral surfaces

Bases<_| Axis Axis Bases

Right cylinder Oblique cylinder

The lateral area of a right
cylinder with radius r and height
his L = 2mrh.

The surface area of a right
cylinder with lateral area L
and base area Bis S =L + 2B,
or S = 2arh + 272

2

10-4 Surface Area of Prisms and Cylinders - 681

B 7 QLR
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